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We propose a generalization of the Grover-Sheng-Vishwanath model which, as solved by the density-matrix
renormalization group, realizes the emergent supersymmetric criticality in the universality class of the even se-
ries of the N = 1 superconformal minimal models characterized by a central charge 5/4. This chain model
describes the topological phase transition of the propagating Majorana edge mode in topological supercon-
ductors coupled with the two-flavour Ising magnetic fluctuations (or the XZ type). Using bosonization and
perturbative renormalization group, we show that the augmented degrees of freedom trigger a paradigm shift
from the supersymmetric Landau-Ginzburg action to the variant of the supersymmetric sine-Gordon equation,
which, in the massless case, can flow towards the supersymmetric minimal series upon a generalized Feigin-
Fuchs construction. Therefore, the present lattice model comprises a concrete system that exhibits the spacetime
supersymmetry through the distinct route.
Introduction.—Supersymmetry (SUSY) is a beautiful in-
vention and a powerful tool in theoretical physics [1]. It
extends the limit of geometric symmetries beyond the con-
ventional spacetime and relates bosons and fermions through
the extra Grassmannian dimensions [2]. Being flourished in
gauge dynamics and high-energy physics, a persisting but out-
standing question remains how to realize SUSY in nature. In-
stead of pursuing as the exact global symmetry of the uni-
verse, in the vicinity of continuous phase transitions, there ex-
ist known examples for which spacetime SUSY emerges at
the critical point. This more statistical mechanical scenario
receives renewed attention in the advent of topological mate-
rials, particularly those exotic critical phenomena pertaining
to the transitions involving the anomalous boundary degrees
of freedom. Exploiting this line of reasoning, a handful of
microscopic models have been proposed to harbor the super-
conformal criticality [3, 4] in the tricritical Ising (TCI) univer-
sality class [5–11]. In (1 + 1)D, the simplest supersymmetric
field theories belong to the category of theN =1 superconfor-
mal minimal models (SMMs) [12, 13] whose central charges
are given by
c(m) =
3
2
[
1− 8
m(m+ 2)
]
, m = 2, 3, 4, . . . . (1)
The TCI model has central charge 7/10, providing the first
nontrivial representation of the SMM with m= 3. Compared
to the well-understood odd-m series of SMMs, largely due to
the availability of the flexible lattice TCI models, the even-m
series of SMMs are much less explored [6, 14, 15].
In this Letter, we advance this pursuit by constructing
such a microscopic model on a chain lattice to realize the
m = 6 SMM featuring a critical central charge 5/4. This
model generalizes the Grover-Sheng-Vishwanath (GSV) pro-
posal [7] in considering the induced quantum phase transition
from the interplay between the multi-flavour magnetic fluctu-
ation and the gapless Majorana mode along the edge of 2D
topological superconductor. Utilizing bosonization and renor-
malization group (RG), we corroborate the density-matrix-
renormalization-group (DMRG) observation on the endowed
SUSY through establishing the connection between its contin-
uum description and the supersymmetric sine-Gordon (SSG)
model [16] within a Coulomb-gas formalism [17, 18].
Lattice model.—The fermion-boson hybrid system may be
described by the coupled chain Hamiltonian,
H = H1 +H2 +H3, (2)
H1 = −
∑
i
(
σzi σ
z
i+1 + σ
x
i
)
, (3)
H2 = −
∑
i
[
Jzz
(
uzi,au
z
i,b + u
z
i,bu
z
i+1,a
)
+Jxx
(
uxi,au
x
i,b + u
x
i,bu
x
i+1,a
)]
, (4)
H3 =
∑
i
[
gσxi
(
uzi,a + u
z
i,b
)−gσzi σzi+1(uzi,b + uzi+1,a)], (5)
where σ̂i, ûi,a, ûi,b are the commuting spin-1/2 Pauli ma-
trices on site i. Via the Jordan-Wigner (JW) transformation,
the massless Majorana hopping term −i∑j χjχj+1 can be
mapped to a critical (i.e., self-dual) Ising chain H1 of the σ̂-
spins subject to the transverse magnetic field. The original
GSV’s transverse-field-Ising magnetic fluctuation has been re-
placed by the XZ-type spin-spin interaction in H2. As will be
explained below, this extension fundamentally alters the un-
derlying physics of the model, particularly giving rise to the
N = 1 supersymmetry of a different kind at criticality. The
interplay between the propagating Majorana fermions and the
fluctuating Ising spins retains a standard form of minimal cou-
pling as is given by H3.
In terms of the dual spin variables (after relabeling ûi,a →
û2i−1 and ûi,b → û2i),
τxj+1 := u
z
ju
z
j+1, τ
x
j+1 :=
∏
i<j+1
uxi , (6)
up to inessential boundary corrections, the XZ spin chain H2
is equivalent to two noninteracting quantum Ising spin chains
positioned alternatively across the even and odd lattice sites,
H2 = −
∑
j
(
Jxxτ
z
j τ
z
j+2 + Jzzτ
x
j
)
. (7)
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FIG. 1. DMRG results: (a) is the numerically calculated ground-state phase diagram of model (2) in the Jxx-g plane with fixed Jzz =1. The
blue gapless region (c= 1/2) is separated from the red gapped phase (c= 0) by a continuous transition marked by the green line where the
SUSY criticality (c= 5/4) emerges. Panel (b) depicts the change of the central charge along the line cut g= 0.5 in (a) as tuning Jxx across
the critical point Jcxx = 1.504. The low-Jxx gapped and high-Jxx gapless regions as well as the transition point featuring the maximal central
charge 5/4 can be identified therein. The same type of transition is reproduced along g= 0.1 and 1 as well. (c) illustrates the entanglement
entropy SvN as a function of the segment length LA at g= 0.5 and Jcxx = 1.504, from which the critical central charge is fitted to be 1.257.
The system size is up to L=80.
R 5/16 41/96 5/96 29/16 9/16 1/16 67/32 23/32 3/32
NS 0 1/32 5/6 1/12 33/32 5/32 3 5/4 1/4
TABLE I. Operator content of the m=6 (c=5/4) SMM with periodic boundary conditions.
In this sense, theXZ-type magnetic interaction we consider is
dual to a two-flavour transverse-field-Ising fluctuation. Nev-
ertheless, in view of the fact that the coupling term H3 trans-
forms nonlocally in the disorder operators τ̂j , the nature of the
transition is changed qualitatively.
For instance, suppose g= 0, then because H1 corresponds
to the free real-fermion action with central charge 1/2 andH2
once fine-tuned to the Jzz = Jxx point describes a free real
scalar field carrying central charge 1, it is conceivable from
Zamolodchikov’s c-theorem that for a probable second-order
phase transition of H occurring at finite g, the accompanying
scaling invariance and unitarity constraint may facilitate the
emergence of SUSY, which taken together dictate the realiza-
tion of the N = 1 SMM at the critical point. Relative to the
GSV model, the additional flavour in the XZ spin fluctuation
might thus enable us to go beyond the SUSY of the TCI uni-
versality class.
DMRG results.—We solve for the ground state of Hamil-
tonian (2) and investigate the critical phenomena associated
with the continuous phase transition thereof by the numerical
DMRG method [19]. For moderate chains (L= 30∼ 60) the
periodic boundary conditions (PBCs) can be imposed straight-
forwardly. To achieve higher accuracy, the technique of sine-
square deformation [20, 21] desired for OBCs may be imple-
mented when simulating the larger system’s sizes of L > 80.
Figure 1(a) shows the ground-state phase diagram of (2) on
the Jxx-g plane at constant Jzz = 1 obtained from DMRG.
The gapped phase (red region) with c = 0 is stabilized pro-
vided the perturbing field Jxx/Jzz is small. Then, due to the
finite g-coupling, the Majorana mode is subsequently gapped
out through acquiring a dynamically-generated mass term
proportional to 〈uzi,a(b)〉 6= 0. The situation is reversed how-
ever in the Jxx-dominated region, where the uzi,a(b)-spins be-
come strongly disordered, rendering the fermion-boson cou-
pling irrelevant. As a result, the effectively decoupled Majo-
rana chain retrieves its criticality (c= 1/2) and the resulting
gaplessness maintains thereafter under the protection of an an-
tiunitary symmetry. Interestingly, more exotic phenomena can
arise at the inbetween stage once the XZ chain (4) is tuned
close to its criticality as well. The coherent resonance be-
tween the Ising and XZ criticality compromises exactly at the
continuous transition point whose underlying CFT enhanced
by the probable emergent SUSY must thus fall into the dis-
crete list of the N = 1 SMMs of 1/2 < c < 3/2. Indeed, in
Fig. 1(b) the DMRG simulation on the evolution of the central
charge along the horizontal line of g = 0.5 in panel (a) con-
firms the existence of the critical region [denoted by the green
line in (a)] where the maximal central charge reaches 1.257 at
the transition point Jcxx = 1.504 after fitting to the Calabrese-
Cardy formula of the entanglement entropy [22] [see Fig. 1(c)
and the inset],
SvN(LA) =
c
3
ln
[
L
pi
sin
(
piLA
L
)]
. (8)
Here L (LA) is the system (partition) length, respectively.
Therefore, the above measurement unambiguously indicates
the microscopic realization of the m= 6 SMM associated to
the criticality of the lattice Hamiltonian (2).
To calibrate this nontrivial identification, we further probe
at the transition point the varied superconformal scaling fields,
which together with the central charge define the underlying
SCFT, through examining the connected correlation functions
involving the local spins. The conformal dimensions or high-
est weights (HWs) of the related primary fields in the Ramond
(R) and Neveu-Schwarz (NS) sectors of the m=6 SMM have
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FIG. 2. Spatial profiles for various spin correlation functions cal-
culated at the critical point: g/Jzz = 0.5, Jxx/Jzz = 1.504. The
scaling dimension is measured from the exponent of the decay of the
connected correlation function. The first column targets the σ̂-spins,
where the estimates of (a) and (c) are compatible with the Ramond
HWs 9/16 and 5/96 in Kac table I, respectively. Here Ŝi := σ̂i/2
and R̂i := ûi,a(b)/2. Analogously, the right column demonstrates
that RyiR
z
i+1 is the superpartner of R
x
i ; the combination of the two
resembles the NS superfield with conformal dimension 1/12. Note
the role of the spin-reversal symmetry in distinguishing the scaling
behaviours between Syi and R
y
iR
z
i+1.
been listed on Table I. Under the PBCs of the spin chain, the
primary field φh,h typically possesses zero conformal spin,
i.e., h − h = 0, and the corresponding scaling dimension
is simply h + h = 2h, so in the continuum limit, the two-
point correlation function of the scaling field follows a generic
power-law decay, 〈φh,h(z, z)φh,h(0, 0)〉c ≈ 1/|z|4h. In ad-
dition, one can also exploit the symmetry and duality of the
model in helping clarify the assignment and organization of
the selected primary fields in terms of the lattice spin oper-
ators. For the case at hand, the relevant unitary symmetry
of model (2) turns out to be the Z2 spin-reversal transforma-
tion Rσ :=
∏
i σ
x
i , which leaves ûi,a(b)-spins and σ
x
i intact,
but flips σy,zi → −σy,zi . (In Majorana representation of the
σ̂-spins, Rσ amounts to the fermion-parity operator.) It is
to be expected that the conformal fields in the NS (R) sector
should be even (odd) under Rσ by recalling that the JW trans-
formation transmutes the spin-chain PBCs to the fermion-
chain PBCs (Ramond) if the fermion parity is odd or to the
fermion-chain anti-PBCs (Neveu-Schwarz) if the fermion par-
ity is even. The calculated correlation functions in Fig. 2 are
in accord with this symmetry consideration. Particularly, from
panels (a) and (c) the extracted conformal dimensions of σyi
and σzi match the Ramond HWs 9/16 and 5/96 in Table I, re-
spectively, suggesting the coarse-grained version of them as-
sumes the role of the corresponding R spin fields.
Furthermore, Hamiltonian (2) remains invariant under a
duality transformation D [23]. Similar to the GSV model,
D incorporates the Kramers-Wannier duality of the σ̂-spins
with the time reversal and translation of the û-spins: σxi 

σzi σ
z
i+1, ûi,a →−ûi,b, ûi,b →−ûi+1,a. In the superspace
formalism of the SCFTs, each NS field generically has a su-
perpartner whose conformal dimension has been shifted by
1/2 [24]. The pair forms one superfield of the so-called spin
model where the fermionic components of the superfield have
been projected out [12]. The NS field and its superpartner
can be further differentiated upon implementing the duality
transformation: the NS field is odd whereas the superpartner
field is even under D. In Figs. 2(b) and (d), we show that
(uxi,α, u
y
i,αu
z
i+1,α) with α = a, b comprises such a NS super-
field of conformal dimension (1/12, 7/12). Notice that both
uxi,α and u
y
i,αu
z
i+1,α are Z2-even operators of the spin-reversal
symmetry Rσ; however uxi,α becomes odd, while u
y
i,αu
z
i+1,α
stays even under the D transformation. Hence, in addition to
the detection of the characteristic central charge 5/4, iden-
tifying the lattice representations of the pair of NS fields as
well as the selected R spin fields provides stronger evidence
supporting the stabilization of the m= 6 SMM at the critical
point.
Bosonization.—To gain insights on the emergent supercon-
formal criticality, a continuum field-theoretical description
has been developed for H . As already mentioned, the self-
dual TFI Hamiltonian H1 can be fermionized upon a JW
transformation, ψ1(j) := σzj
∏
i<j σ
x
i , ψ2(j) := σ
y
j
∏
i<j σ
x
i .
In terms of the chiral Majorana fields, χR/L := 1√2 (ψ1 ± ψ2),
the Euclidean action of H1 attains a massless form, S1/~ =∫
dτdx 12χ(τ, x)/∂χ(τ, x). Here by definition, /∂ := γ
µ∂µ, the
spinor χT := (χR χL), and its conjugate χ := χTγ0. One
convenient representation of the 2D γ matrices with the Eu-
clidean signature, γ0 =σ2, γ1 =−σ1, has been chosen.
The strategy of handling the XZ part H2 is to first fermion-
ize the spin chain to obtain a quadratic Dirac-fermion model,
and then apply the Abelian bosonization [25]. This proce-
dure however is inapplicable to the case of TFI magnetic
fluctuation where due to the fact that the underlying degrees
of freedom are Majorana fermions, one should instead em-
ploy the Landau-Ginzburg-Wilson (LGW) φ4 theory. Ac-
cordingly, the XZ spin chain is first recast into a spinless
free-fermion form, H2 =
∑
j(−tc†jcj+1 + ∆c†jc†j+1 + H.c.),
with t := Jxx + Jzz, ∆ := Jxx − Jzz . Note that the
fermion density is precisely 〈c†jcj〉= 1/2, so the Fermi level
has been pinned to kF = kR = −kL = pi/(2a). After
linearizing the band around the vicinity of the two Fermi
points, the bosonization of the c-fermions in the right (R)
and left (L) branches is subsequently achieved via the iden-
tity, cR/L(x)→ ηR/L√2piαe±ikF xei(±θ+φ), where [θ(x), φ(x′)] =
ipi2 sgn(x − x′) and the short-distance cutoff is about the lat-
tice spacing, i.e., α ∼ a. Therefore, the bosonized action
of H2 takes a standard sine-Gordon expression, S2/~ =
1
2pi
∫
dτdx
[
1
v (∂τφ)
2
+ v(∂xφ)
2
+ 4∆~α cos(2φ)
]
, where the
boson velocity v=2at/~.
We now turn to the coupling term H3. The bosoniza-
tion of the û-spins is proceeded as usual [25] by intro-
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FIG. 3. The characteristic RG flows derived from action (9) for the initial parameters ∆>0 andK≈1. These trajectories belong to a different
category than the KT-type transition in the SSG model (accessible by ∆<0). The DMRG results in Fig. 1 demonstrate that along the critical
line (the green curve) separating the gapped and gapless phases, the m=6 SMM arises. (a) displays the parametric dependence of g∆(`) and
gfb(`) in a log-log plot. The 2D projections of the 3D flows onto the K-gfb and K-g∆ planes are shown by (b) and (c), respectively.
ducing the associated ladder operators, u±j := u
z
j ± iuxj ,
where the relabeling convention stated above Eq. (6) has
been used. As the JW string possesses a local form in
terms of the nonchiral bosonic fields θ and φ, in the contin-
uum limit, the raising operator can be expressed as u+j →√
2a
piα
[
e−iφ + e−iφ(−1)x/a cos(2θ)]. The fermionization of
the σ̂-spins is straightforward. Rewriting the JW trans-
formation as iψ2(j)ψ1(j + 1) = σzjσ
z
j+1, iψ1(j)ψ2(j) =
σxj and combining it with the bosonized form of the u
x-
spins lead to a boson-fermion coupled expression, H3 ≈
g
√
8a
piα
∫
dx {cos[φ(x)] · χ(x)χ(x)}. Collecting together all
pieces of derivation yields the desired action of H (~ = 1),
S =
∫
dτdx
{
1
2
χ/∂χ+
K
2piv
(∂τφ)
2
+
Kv
2pi
(∂xφ)
2
+
2∆
piα
cos(2φ) + g
√
8a
piα
cos(φ) · χχ
}
, (9)
where the bare Luttinger parameter K = 1. The Euclidean
action (9) resembles the well-known supersymmetric sine-
Gordon (SSG) model [16, 26, 27], but this is not entirely true,
because the SSG model normally flows to a massive phase in
the infrared (IR) which contradicts our DMRG results.
RG analysis.—A closer inspection reveals that depending
on the relative arrangements of the last two terms in (9), there
could exist two inequivalent theories described by S. For in-
stance, shifting φ→φ+ pi shows that the sign of g is inessen-
tial. Whereas, shifting φ→φ + pi2 suggests that the switch of
the sign of ∆ has to be accompanied by a simultaneous change
of the g-term from cos(φ) to sin(φ). Therefore, without loss
of generality, if keep staying with both cosine functions of φ in
(9), ∆ > 0 and ∆ < 0 will give rise to two different types of
theories that cannot be connected by simply varying the field
φ. This bifurcation structure apparently does not occur in the
SG model.
The above heuristic argument can be formulated quan-
titatively under the scheme of perturbative RG. Following
Cardy [28], we implement the standard RG procedure in real
space by utilizing the technique of operator product expan-
sion (OPE) applicable at the critical region with the emergent
Lorentz invariance assumed. At one-loop order, the set of RG
flow equations is derived as follows,
dK(`)
d`
= pi2g2∆(`) +
1
2
g2fb(`), (10)
dg∆(`)
d`
=
[
2− 1
K(`)
]
g∆(`)− 1
pi
g2fb(`), (11)
dgfb(`)
d`
=
[
1− 1
4K(`)
]
gfb(`)− pi
2
g∆(`)gfb(`). (12)
Here the dimensionless coupling constants g∆ ∝ 2∆a/(piv),
gfb ∝ 2
√
2ga/(
√
piv), and K ∼ 1. One salient feature of
Eqs. (10)–(12) is that if initially g∆<0, then both g∆ and gfb
will grow monotonically along the RG trajectory. This growth
in turn contributes to the increase of K as well. Consequen-
tially, the whole system displays the typical behaviour of the
so-called supersymmetric Kosterlitz-Thouless (KT) transition
[27, 29], and eventually resides in a gapped massive phase.
This result is consistent with the common expectation, i.e., if
∆< 0 in Eq. (9), the system will generally flows toward the
SSG model in the IR with emergent SUSY but zero central
charge [16]. Note, in addition, that the sign of gfb in (10)–
(12) can be tuned at will, a reflection of the underlying time-
reversal symmetry (i.e., the pi-phase shift of φ) in (9).
More interestingly, the landscape of the RG trajectory
changes qualitatively if g∆ instead starts from the appropri-
ate domain of the positive values. [Recall that in the numerical
simulation of the lattice model (2), the critical Jcxx in Fig. 1(b)
corresponds to ∆ = 0.504.] In this circumstance, rather than
mutual facilitation, the two channels g∆ and gfb turn to com-
pete with each other. Their compromise hence necessarily dic-
tates the existence of a critical region where the probable ex-
otic properties can emerge. Figure 3(a) is the “phase diagram”
of (9) with ∆ > 0 obtained from solving the RG Eqs. (10)–
(12) collectively. In accord with the DMRG results presented
in Fig. 1, once gfb prevails over g∆, the relevant g-term in (9)
serves the dual role of the mass to the Majorana fermionχ and
the SG term of the real boson φ, thus leading to a fully gapped
phase. In comparison, if gfb fades away, the chain system
5gets effectively decoupled; although the real boson is gapped
out by the dominating ∆-term, the critical real-fermion mode
survives and contributes to the single gapless channel of cen-
tral charge 1/2. Thereby, the transition line where competing
strengths gfb and g∆ reach a balance locates right at the inter-
face of these two distinct phases, as is depicted by the green
curve in Fig. 3(a). Overall, the qualitative agreement between
the DMRG phase diagram [Fig. 1(a)] and the analytical phase
diagram [Fig. 3(a)] is telling. To our knowledge, this second
type of theory in (9) as well as the associated RG flows in
Fig. 3 have not been fully studied before, in particular, their
close relation to the m=6 SMM.
Superspace and Feigin-Fuchs construction.—If action (9)
with positive ∆ is not manifestly supersymmetric, where does
the IR superconformal symmetry stem from? To set the stage
of tackling this question, let’s first recall the superspace for-
malism [2] of the SSG model. Promote the 2D Euclidean
spacetime to a superspace by adding the Grassmann vari-
able θT := (θ0 θ1), then the normalized real superfield as-
sumes Φ := 1√
4pi
φ + 1√
2pi
θχ + 12θθF , where θ := θ
Tγ0
and F an auxiliary field. Adopt this notation, the mini-
mal 2D Wess-Zumino model [1] can be written as SWZ =∫
d2θdτdx
[
1
2DαΦDαΦ + 2W(Φ)
]
with spinorial derivative
Dα :=∂θα + (γ
µθ)α∂µ and
∫
d2θθθ=−1, which is invariant
for any superpotential W under the SUSY transformations,
δφ = εχ, δχ = ∂µφγ
µε + Fε, δF = εγµ∂µχ. Here ε
stands for an infinitesimal change along the Grassmann co-
ordinate. Supply SWZ with W = λ cos(βΦ) yields the SSG
action.
We have revealed that action (9) allows two categories of
theories distinguished by the sign of ∆. As summarized in
Table II, the first type is of ∆ < 0 and amounts to the SSG
model in the superspace formalism whose IR and UV be-
haviours are well studied. While, for the second type of the-
ory featuring ∆> 0, our combined DMRG and bosonization
analyses have provided corroborating proof demonstrating the
stabilization of the m = 6 SMM at its IR fixed point. Then,
what would be the potential candidate for the corresponding
UV theory? From examining the interrelationships among the
four entries of Table II, it is tempting to conjecture that the
UV fixed point of ∆ > 0 might be effectively described by
an unconventional SSG model whose superpotential is purely
imaginary [30]. Indeed, in parallel to the distinction between
the situations of negative and positive ∆, it is known from the
conformal perturbation theory that upon a Feigin-Fuchs con-
TABLE II. Compare the IR and UV fixed points of the two theories
captured by action (9). See main text for the explanation.
IR UV
∆<0 massive SUSY W=λ cos(βΦ)
∆>0 m=6 SMM W= iλ sin(βΦ)
struction (or Coulomb-gas formalism) [17, 18, 31–33] the real
and imaginary SG superpotentials will lead respectively to the
massive and massless phases in the IR limit. Specifically, feed
W= iλ sin(βΦ) into SWZ yields
LWZ =
(
1
2
DαΦDαΦ− λV−
)
+ λΦ1,3, (13)
where a background charge α0 = 1/
√
2m(m+ 2) has been
implicitly injected such that when β2 = 8pimm+2 , the e
−iβΦ
piece in W becomes the screening operator V− of confor-
mal dimension 12 (remember the real-fermion field χ will
contribute the other 12 [13]), which combined with the free
Lagrangian describes the N = 1 SMM at UV with central
charge cUV(m) = 32 − 24α20. The remaining vertex opera-
tor eiβΦ now has dimension m−22(m+2) , thus being equivalent
to the primary field Φ1,3 which, acting as the quasi-marginal
deformation, can drive the massless RG flows [34, 35] from
cUV(m)→ cIR(m − 2). Accordingly, in the case of ∆ > 0,
action (9) may sit in the attractive basin of the UV fixed point
of LWZ so that the two theories can be linked via an analytic
continuation and share the same IR fixed point with the super-
conformal symmetry ensued.
Supersymmetry breaking.—In addition to the emergent
SUSY, Fig. 1(b) also demonstrates its spontaneous breaking
when tuned away from the criticality. The generated massless
Majorana fermion can be interpreted as the resulting Gold-
stino from this perspective. However, Fig. 2(c) simultane-
ously illustrates that the self-symmetric Ramond HW c/24 is
present at the superconformal point as well. As per the com-
mon wisdom, for even-m SSMs, the SUSY is unbroken iff
there is a ground state in the sector of hR = c/24 [12, 34].
This seemingly contradictory observation actually lends sup-
port to a recent work by the authors [36] where it has been
proved that the modular invariance of the torus partition func-
tion necessitates the symmetrization of the Ramond ground-
state manifold associated to hR = c/24, hence permitting the
breaking of SUSY in this circumstance and the vanishing of
the Witten index.
Conclusion.—We have put forward a lattice Hamiltonian
whose criticality belongs to the m = 6 superconformal uni-
versality class. The extended DMRG and continuum calcula-
tions have suggested that unlike the previous proposals, most
of which are based on the TCI model and the supersymmet-
ric LG theory, the emergent SUSY in this new kind of model
is mainly derived from a generalized SSG-like action and its
massless RG flows. Through introducing such a “vehicle”
that might also be feasible in experiments, our work opens
the prospects for the future studies on the even-m series of
SMMs, which will deepen and refine our understanding on
the global structure of SUSY and help facilitate its realization
in low-dimensional quantum many-body systems.
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